
8534 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 69, NO. 12, DECEMBER 2021

Multi-Domain Channel Extrapolation for FDD
Massive MIMO Systems

Yu Han , Member, IEEE, Shi Jin , Senior Member, IEEE, Xiao Li , Member, IEEE,
Chao-Kai Wen , Senior Member, IEEE, and Tony Q. S. Quek , Fellow, IEEE

Abstract— Future mobile systems have shown a growing trend
towards wider frequency bands, larger antenna arrays, and more
user equipment, simultaneously expanding the channel in the
frequency, space, and user domains. However, the huge size of the
multi-domain channel brings great challenges to the acquisition of
channel state information (CSI), especially in frequency division
duplex (FDD) massive multiple input multiple output (MIMO)
systems. In this paper, we propose a multi-domain channel
extrapolation scheme that can reconstruct the huge multi-domain
channel with low pilot overhead. Specifically, information on the
environment shared by multiple domains is utilized for the design
of a low-complexity channel extrapolation algorithm. Moreover,
we investigate the patterns of sparse pilots and antenna selection
by establishing a theoretical framework for the performance
analysis of the patterns. We further propose a sparse random
pattern design, which can legitimately obtain a set of patterns
that are suitable for channel extrapolations. Numerical results
demonstrate that we can accurately extrapolate the multi-domain
channel using our proposed channel extrapolation scheme and
our designed sparse random patterns.

Index Terms— FDD massive MIMO, CSI acquisition, channel
extrapolation.

I. INTRODUCTION

AMODERN cellular system explores resources from mul-
tiple domains to provide high-throughput data service.

In the time domain, the cellular system obeys a strict
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timing rule to guarantee a centralized and ordered man-
agement of customers [1]. In the frequency domain, wide
bands are occupied to expand the wireless road and increase
the channel capacity [2]; furthermore, frequency division
duplexing (FDD) can be employed to utilize two separated
bands simultaneously [3]. In the polarization domain, two
cross-polarized electromagnetic waves can carry two data
streams separately without causing interference, thus allowing
the spectrum efficiency to be doubled by applying dual-
polarization techniques [4]. Spatial degrees of freedom are
exploited by multiple input multiple output (MIMO) tech-
niques to further improve the spectrum efficiency in the space
domain [5]. With the evolution of mobile communications and
the diversification of applications, user equipment in the user
domain can be a cellphone, a driver-less car, a small appliance
like a television, or even a sensor that monitors a factory [6].

The exploitation of resources in the five domains brings
significant performance gains; however, this also raises higher
demands for the acquisition of multi-domain channel state
information (CSI). The amount of CSI to be acquired in each
domain is proportional to the scale of measurements, specifi-
cally the number of frames in time domain, the width of band
in frequency domain, the number of polarized directions in
polarization domain, the number of antennas in space domain,
and the number of users in user domain. Sending many pilots
in each domain is impractical in a future cellular system with
a large-scale array, extra wide bands, cross polarizations, and
massive connections. In this context, CSI acquisition seems
to be an obstacle that prevents harvesting gains from multiple
domains. Fortunately, the overhead of CSI acquisition can be
greatly relieved by exploring the correlation of channels in
each domain.

A. Correlation of Channels in Multiple Domains

Resource allocation is detailed into a frame, subframe,
or orthogonal frequency division multiplexing (OFDM) sym-
bol in the time domain. The channel between the BS and
a user varies with time, along with the movement of this
user, and such variance is proportional to the moving speed.
For a user who stands still, the channel experiences slight
changes with time. The channel variance is imperceptible
after a short period, as the duration of a frame is 10 ms in
the current mobile system [1]. Therefore, a correlation exists
among channels in adjacent frames.

In the frequency domain, reciprocity does not hold between
uplink and downlink when FDD is employed. Furthermore,
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frequency selective fading can occur in a wide band system
due to multipath propagation. However, signals in different
frequencies propagate in a common environment and travel
along the same propagation paths [8], [10]. Measurements
have verified that the uplink and downlink channels in different
frequencies share almost the same spatial angles [7]. Under
this condition, the spatial channels in different frequencies are
said to have strong correlations with one another.

In the polarization domain, the dual-polarized antennas
usually appear in pairs, and antennas in different polarization
directions are co-located. Similar to the case in the frequency
domain, the same environment is also shared by signals from
two polarization directions, and the channels in different
polarization directions are composed of common paths
[9], [10]. Therefore, channels in different polarization direc-
tions are also correlated.

Massive MIMO techniques have been widely applied in
the space domain since the advent of the fifth-generation
(5G) era. If the antenna array at a base station (BS) is in
a compact space, then the size of the array is incomparable to
the distance between the BS and a certain user from the far-
field perspective. All the antennas of this array see the same
scatterers; that is, the visibility region of a fraction of the array
is equal to that of the whole array [11]. This phenomenon is
referred to as “spatial stationarity” [12], which also represents
the correlation among channels on different antennas.

In the user domain, the future wireless network will serve a
massive number of users simultaneously. User gathering will
be a common phenomenon, wherein plenty of users appear in
a small region, such as in a theater or a stadium. These users
are in a shared environment and experience similar fading
conditions [13], [14]. Specially, due to the close geography
locations, the line-of-sight, ground-reflection, and other paths
introduced by scatterers do not vary significantly among these
users [13]. Therefore, a correlation exists among channels of
close-by users.

B. Related Works

The correlations among channels facilitate the overhead
reduction for CSI acquisition. Especially in massive MIMO
systems where the size of the channel is often large, channel
correlation becomes a key factor in releasing the burden of
huge pilot consumption. Numerous works have been con-
ducted on the design of low-overhead CSI acquisition methods
by utilizing the channel correlations in one or several domains.
In the time domain, due to the slow-varying characteristic,
the channel can be tracked or predicted using the CSI in
previous moments. For example, given the auto regression
channel model, the time-varying channel can be tracked
through Kalman filters [15]. The birth and death of paths can
also be captured by the channel tracking algorithm proposed
in [16]. Aside from the advantage of being low-cost options,
these methods usually have relatively lower computational
complexity than others; thus, they can rapidly keep up with
the variance of a channel.

However, when employing FDD in massive MIMO systems,
the acquisition of downlink CSI becomes a difficult problem

due to the explosive orthogonal downlink pilot and feedback
overhead. Fortunately, the channel correlation in the frequency,
space, and user domains can be utilized to tackle this problem.
In the frequency domain, based on spatial reciprocity, uplink
CSI can be utilized to reconstruct the downlink channel. [17]
categorized the parameters of the paths in the channel into
frequency-independent ones and frequency-dependent ones,
and estimated the frequency-independent parameters in the
uplink. [18] extrapolated the downlink channel correlation
matrix from the uplink one. [19] and [20] further utilized
the neural networks to learn the downlink channels from the
uplink channels directly. These uplink-aided downlink CSI
acquisition methods greatly reduced the amount of CSI to be
estimated in the downlink, thereby earning wide attention from
researchers.

Utilizing the correlation of channels in the space domain is
another approach to achieving the downlink CSI acquisition
in FDD massive MIMO system. As long as the spatial station-
arity holds, we can directly extrapolate the large dimensional
downlink channel across all the antennas from the channel on a
subset of antennas [21], [22]. The resource consumption has to
do with just the downlink pilot and feedback overhead, which
is required to estimate the downlink channel on the subset of
antennas. Meanwhile, [23] utilized the neural network to find
the optimal antennas, from which the downlink channel can be
accurately extrapolated. Under this condition, the spatial chan-
nel extrapolation problem is further translated to the antenna
selection problem. However, due to the limited interpretability
of neural networks, it is often difficult to understand why
the selected antennas are optimal for channel extrapolation.
Reference [24] proposed a super nested sparse array, which
can accurately estimate the angles of paths. Nevertheless, this
sparse array does not always perform well in arbitrary array
aperture.

In a theater or stadium with crowded people, the channel
correlation among close-by users provides an alternative to
efficiently estimating the downlink channel in FDD massive
MIMO systems. For example, using the compressed cell-
common downlink pilots received and fed back by these
users, the BS can estimate the paths that are shared by all
the users through jointly processing their pilots [25]–[27],
while the individual paths in each user channel are esti-
mated separately. [28] further introduced neural networks to
learn the shared and individual CSI. The joint estimation
methods usually have reduced computation complexity, and
more importantly, can obtain information about the common
environment. With such information, the overhead required
to acquire the multiuser downlink channel can be reduced.
However, the process by which we can efficiently utilize the
environment information has not been sufficiently studied.

C. Contributions

Actually, the correlation of channels in multiple domains
is a result of the shared propagation environment. Once the
information on this shared environment is obtained, we can
acquire the CSI in each domain at a low cost. In this paper,
we consider an FDD massive MIMO system with plenty of
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close-by users. We emphasize the importance of the utiliza-
tion of the environment information in dealing with the CSI
estimation problem and propose to extrapolate the channels in
multiple domains based on the environment information. The
contributions of this study are briefly summarized as follows.

1) This paper proposes a low-overhead multi-domain chan-
nel extrapolation scheme. Different from the literature
above, which focused on the channel extrapolation in
a single domain or two, this paper faces the whole
system and considers five domains, including the time,
frequency, polarization, spatial, and user domains. The
proposed scheme partitions the CSI acquisition into two
phases. The first one is the estimation phase, during
which the environment information is precisely esti-
mated with sufficient pilots. The second one is the
extrapolation phase, during which the channel in each
domain is extrapolated from the environment informa-
tion with limited pilot overhead. The scheme guarantees
the accuracy of the obtained environment information
while simultaneously saving resource consumption for
CSI acquisition. Thus, it has potential applications for
future mobile systems with massive antennas and
connections.

2) We introduce a low-complexity channel extrapolation
algorithm, which extrapolates the channel in a cer-
tain domain with low computational complexity. Given
the environment information, the channel extrapolation
algorithm works with reliable initial values and tracks
the changes within the possible variance range of the
channel. Furthermore, it achieves accurate extrapola-
tion results with reduced pilots sent from selected
antennas, thus maintaining high-quality CSI acquisition
results throughout the two phases. Notably, the proposed
extrapolation algorithm still requires limited training
or feedback overhead for extrapolation and thus can
achieve more accurate extrapolation results in practical
systems than the neural network-based methods without
overhead for extrapolation.

3) We propose a sub-optimal sparse random pattern gen-
eration method in this work. This sparse pattern can
be the reduced pilot pattern and the selected antenna
pattern employed in the channel extrapolation phase.
We compare three typical patterns, namely, dense uni-
form, sparse comb, and sparse random patterns, by eval-
uating their radiation profiles, CRLBs, and channel
refinement abilities. Based on the results, we find that
the sparse random pattern outperforms the other two.
Then, a sparse random pattern generation algorithm is
proposed, which can efficiently identify a set of patterns
suitable for channel extrapolation.

The rest of the paper is organized as follows. Section II
introduces the system settings and describes the multi-domain
channel model. Section III presents the details of our proposed
multi-domain channel extrapolation scheme and the channel
extrapolation algorithm. Section IV evaluates the three patterns
and proposes the sub-optimal sparse random pattern genera-
tion algorithm. Numerical results are provided in Section V.
Finally, Section VI concludes the paper.

Fig. 1. Multiple users that are close to one another.

Notations—We use a, a, and A to denote a scalar, vector,
and matrix, respectively. We also use A†, AH , and AT to
respectively represent the pseudo-inverse, conjugate-transpose,
and transpose of matrix A. In addition, �{·} means taking
the real component of a complex number, �·� rounds a
decimal number to its nearest lower integer, and ⊗ denotes
the Kronecker product. The absolute value of a is denoted by
|a|, ‖·‖ represents the module operation, and sign(·) represents
the sign of a real number.

II. SYSTEM MODEL

We assume a future mobile network with massive users.
In a specific area like a theater or stadium, plenty of users sit
together, thus sharing a common environment. This environ-
ment consists of various scatterers, further providing multiple
paths for signal propagation, as shown in Fig. 1. Each user
in this environment sees a proportion of these paths. In this
case, the CSI of each user can be easily obtained through
extrapolation if we have the information on all paths.

We focus on K close-by users numbered from 0 to K − 1.
The widely used ±45◦ dual-polarization is applied at both
the BS and users, and the polarization directions +45◦ and
−45◦ are denoted as 0 and 1, respectively. A total of M pairs
of dual-polarized antennas are configured in a uniform linear
array (ULA) at the BS, and these are numbered from 0 to
M −1 with spacing d = λ

2 , where λ is the carrier wavelength.
Each user device is equipped with one pair of dual-polarized
antennas.

Let the mobile system work in the FDD mode. The uplink
and downlink carrier frequencies are represented by ful and
fdl, respectively. At this point, OFDM is applied to tackle
the selective fading of the frequency. Each of the uplink and
downlink frequency bands consists of N subcarriers numbered
from 0 to N −1, with spacing Δf . We focus on Q continuous
frames numbered from 0 to Q−1. The duration of each frame
is equal to 10 ms.

Considering the common environment that contributes to
the correlation of channels in the time, frequency, polarization,
spatial, and user domains, we model the channel based on a
reference in each domain, that is, frame 0 in the time domain,
uplink subcarrier 0 in the frequency domain, polarization 0 in
the polarization domain, BS antenna 0 in the space domain,
and user 0 in the user domain. The reference channel contains
the complete information of the common environment, and is
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thus composed of all the paths that exist in the environment.
Any other channel except the reference only contains a pro-
portion of these paths. Notably, in practice, a single user may
not see all the paths in the environment, and the environment
information is distributed in more than one user channel.

For a path with delay τ and angle θ, if this path can be
seen by subcarrier 0 and antenna 0, then it can also be seen
by the whole frequency band and the whole antenna array.
The correlation among subcarriers is illustrated through the
frequency response vector given by

p(T ) =
[
1, ej2πT , . . . , ej2π(N−1)T

]
, (1)

where subcarrier 0 is the reference, and T = Δfτ is the
effective delay whose value range is [0, 1). The correlation
among antennas is reflected by the array response vector
expressed as

a(Θ) =
[
1, ej2πΘ, . . . , ej2π(M−1)Θ

]
, (2)

where antenna 0 is the reference and Θ = d
λ sin θ = 1

2 sin θ is
the effective angle whose value range is [− 1

2 , 1
2 ). By observing

the phases in (2), we can determine a(Θ) = a(Θ+1). It means
that the value range of Θ is also [0, 1).

We initially write the channel across all subcarriers at band
Link and all antennas in polarization p of user k in frame q
as follows [10], [11], [13]:

hLink,p
k (q) =

Lk−1∑
l=0

gLink,p
k,l (q)p(T Link

k,l (q)) ⊗ a(ΘLink
k,l (q)), (3)

where Lk is the number of paths of user k,

gLink,p
k,l (q) = αLink,p

k,l (q)ej2π fLink
Δf TLink

k,l (q) (4)

is the effective complex gain of path l of user k at band Link in
frame q, αLink,p

k,l (q) is the original complex gain, and T Link
k,l (q)

and ΘLink
k,l (q) are the effective delay and effective angle of path

l of user k in band Link and frame q, respectively.
In the time domain, the parameters of each path vary with

the movement of each user. Regarding the uplink as reference,
if path l of user k still exists in frame q > 0, then its large-scale
parameters, i.e., the effective delay and the effective angle,
satisfy the following:

T ul
k,l(q) = T ul

k,l(q − 1) + δTime,T
k,l (q)ΔT Time

max , (5)

Θul
k,l(q) = Θul

k,l(q − 1) + δTime,Θ
k,l (q)ΔΘTime

max , (6)

where ΔT Time
max and ΔΘTime

max are the maximum variances
of effective delay and effective angle between two adjacent
frames, respectively, and δTime,T

k,l (q) and δTime,Θ
k,l (q) are the

corresponding fractional factors that are randomly and uni-
formly distributed within [− 1

2 , 1
2 ]. The values of ΔT Time

max and
ΔΘTime

max are mainly determined by the maximum moving
speed of a user. Thus, different paths satisfy the common
ΔT Time

max and ΔΘTime
max . The effective gains of a certain path in

different frames are uncorrelated. Neither birth nor death of a
path happens within Q frames.

In the frequency domain, for user k, both the uplink and
downlink channels are composed of the same number of paths

with similar path parameters. The uplink is regarded as the
reference. The downlink large-scale parameters vary slightly
from the uplink parameters as follows:

T dl
k,l(q) = T ul

k,l(q) + δLink,T
k,l (q)ΔT Link

max , (7)

Θdl
k,l(q) = Θul

k,l(q) + δLink,Θ
k,l (q)ΔΘLink

max , (8)

where ΔT Link
max and ΔΘLink

max are the maximum variances of
effective delay and effective angle between uplink and down-
link, respectively, and δLink,T

k,l (q) and δLink,Θ
k,l (q) are the cor-

responding fractional factors that are randomly and uniformly
distributed within [− 1

2 , 1
2 ]. The values of ΔT Link

max and ΔΘLink
max

are mainly determined by the frequency difference |fdl−fdl|.
For a certain path, the effective gains in the uplink and
downlink are uncorrelated.

In the polarization domain, paths in the two polarization
directions share the same large-scale parameters. The dif-
ferences between the polarizations lie in the effective gains,
which are uncorrelated between polarizations 0 and 1. Notably,
we only focus on the channels between co-polarized transmit-
ters and receivers. Cross-polarization channels are not involved
here.

In the user domain, these users are geographically close to
one another. As mentioned above, user 0 sees all the paths
in the environment, and other users only see a proportion of
them. Thus, Lk ≤ L0 holds for k = 1, . . . , K − 1. Regarding
the uplink channel of user 0 as reference, the path l of user k
satisfies the following

T ul
k,l(0) = T ul

0,l(0) + δUser,T
k,l ΔT User

max , (9)

Θul
k,l(0) = Θul

0,l(0) + δUser,Θ
k,l ΔΘUser

max , (10)

where l = 0, . . . , Lk − 1, ΔT User
max and ΔΘUser

max are the
maximum variances of effective delay and effective angle
among users, respectively, and δUser,T

k,l and δUser,Θ
k,l are the

corresponding fractional factors that are randomly and uni-
formly distributed within [− 1

2 , 1
2 ]. The values of ΔT User

max and
ΔΘUser

max are mainly determined by the maximal geographical
distance among the users. Notably, the correlation among
users only holds in frame 0; it cannot be guaranteed in the
following frames, as the paths in different user channels vary
independently with time.

When conducting data transmissions, harvesting the gains
from all these five domains requires the acquisition of CSI
in each domain. Fortunately, the overhead of estimating such
large amounts of CSI can be greatly reduced by leveraging the
environment information, which contains the effective delays
and angles of all the paths in the shared environment and
the maximum variances of the effective delays and angles in
each domain. In this paper, we propose an efficient channel
extrapolation scheme with a low-complexity extrapolation
algorithm. We further propose a sparse pilot design in order
to reduce the pilot overhead and meanwhile maintain a high
extrapolation accuracy. This design is also equivalent to an
antenna selection method for accurate channel extrapolation.

III. MULTI-DOMAIN CHANNEL EXTRAPOLATION

This section provides a detailed description of the acqui-
sition of multi-domain CSI, including the procedure of the
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Fig. 2. Frame structure of the mobile system applying multi-domain channel extrapolation. The first two frames are illustrated as examples. Frames 2 to
Q − 1 have the same frame structure with Frame 1.

estimation of reference channel and the extrapolation of the
other channels, as well as a low-complexity algorithm for
channel extrapolation.

A. Multi-Domain Channel Extrapolation Scheme

Initially, no CSI is obtained at either the BS or the users.
In order to fulfill the demand of reconstructing the multi-
domain channel with low overhead, the proposed scheme
works into two phases. Phase I is referred to as Estimation,
during which the complete information of the propagation
environment is built up. Phase II is referred to as Extrapola-
tion, during which the multi-domain channels are extrapolated
from the environment information.

In this paper, we consider a simple environment that the
channel of user 0 contains all the paths in the environment.
We first estimate the uplink channel of user 0 in polarization
direction 0 and frame 0, and then extrapolate other channels
from it. Notably, channel extrapolation here means given the
channel A on the resource subset A of a certain domain,
we estimate channel B on the resource subset B of this domain
based on channel A and a few pilot overhead in resource subset
B. For example, in the user domain, we extrapolate the channel
of user k from that of user 0 using limited pilots sent from
user k.

Fig. 2 illustrates the frame structure when applying the pro-
posed multi-domain channel extrapolation scheme and gives
the examples in the first two frames. Phase I Estimation only
occurs in frame 0, while Phase II Extrapolation takes place in
every frame. Each frame is further divided into two stages.
Channel estimation and extrapolation are conducted in the
first stage for the acquisition of CSI, which will be described
in detail in the following subsections. Data transmission is
employed in the second stage.

Parametric mechanism is a key feature here, which is
reflected by both the modeling of the multi-domain channel
and the estimation or extrapolation of the channel in each
domain. Based on the channel model in (3), the multi-domain
channel can be reconstructed if the parameters of each path
are obtained. Then, CSI acquisition is transformed to the
detection of path parameters in each domain. Furthermore,
the correlation of channels in each domain is mainly reflected
by the correlation of large-scale parameters, i.e., the effective
angles and effective delays. Therefore, the major task of
channel extrapolation is to estimate the large-scale parameters
in each domain.

1) Phase I – Estimation: The accuracy of channel extrap-
olation is highly dependent on the precision of the large-
scale parameter estimation in the reference channel. Acquiring

accurate estimates of these parameters requires a relative large
amount of measurements and a good parameter detection
algorithm with high precision. Thus, the pilot overhead and
computational complexity of Phase I should be high.

To achieve this, user 0 transmits full uplink pilots that are
inserted in all subcarriers of the first OFDM symbol in polar-
ization 0 and frame 0. Given the received full pilots, the BS
estimates the large-scale parameters of all paths through the
trivariate Newtonized orthogonal matching pursuiting (NOMP)
algorithm [17], [29]. The trivariate NOMP algorithm can
detect the gains, angles, and delays of the paths in a noisy
channel. Details of this algorithm can be found in [17] and
are thus omitted here. Suppose the trivariate NOMP algorithm
has been applied to the dense pilots and all the paths have been
detected. The estimated effective gain, angle, and delay of path
l in the uplink channel of user 0 in polarization 0 and frame
0 are denoted as ĝul,0

0,l (0), Θ̂ul
0,l(0), and T̂ ul

0,l(0), respectively,
where l = 0, 1, . . . , L̂0 − 1, and L̂0 is the estimate of L0. The
reconstructed reference channel across all subcarriers and all
BS antennas is expressed as

ĥul,0
0 (0) =

L̂0−1∑
l=0

ĝul,0
0,l (0)p(T̂ ul

0,l(0)) ⊗ a(Θ̂ul
0,l(0)). (11)

Notably, we select the uplink instead of the downlink as the
reference, because estimating the large-dimensional downlink
channel in FDD massive MIMO systems requires a large
amount of downlink pilots and feedback overhead. As the
number of antennas at the user side is small and the BS has a
full-digital architecture, only a limited amount of uplink pilots
are required in estimating the uplink channel.

As another part of the environment information, the max-
imum variances of the effective delays and angles in each
domain are known in prior, in the concerned case that the
channel of user 0 contains all the paths in the environment.
In a more general case that the environment information is
distributed in more than one user channel, we can choose
several users with relatively large distances among each other
and apply the estimation process to them. Then, all the paths in
the environment and the maximum variances of parameters can
be obtained by integrating the multi-user CSI. To reduce the
computation complexity, we can also choose empirical values
that work well in practical use for the maximum variances of
the effective delays and angles.

2) Phase II – Extrapolation: In Phase II, we perform chan-
nel extrapolation from the information base of the propagation
environment, which is composed of the estimates of large-
scale parameters Θ̂ul

0,l(0), T̂ ul
0,l(0), l = 0, . . . , L̂0 − 1. Based on

the dependency of large-scale parameters in different domains,
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we apply channel extrapolation in the user, polarization, fre-
quency, space, and time domains in succession. As shown
in Fig. 2, in each frame, the extrapolation works in two sub-
phases, including Phase II-A Extrapolation in Uplink and
Phase II-B Extrapolation in Downlink.

Phase II-A: In this sub-phase, we extrapolate the uplink
channels of each user in each polarization direction. Given
that the correlation among users reaches its maximum in
the uplink of frame 0 and varies with time, we apply user-
domain extrapolation only in frame 0. Whereas in frames 1 to
Q−1, the time-domain extrapolation works instead. Due to the
alternation of the user-domain and time-domain extrapolations,
the working procedure in Phase II-A differs from that in
frames.

Specifically, in frame 0, we first perform user-domain chan-
nel extrapolation from ĥul,0

0 (0) and obtain the reconstructed
channel ĥul,0

k (0) for user k ≥ 1 using the reduced uplink
pilots that user k sends in polarization 0 and frame 0. A total
of N

αul subcarriers in an OFDM symbol are occupied by
the reduced pilots, where αul is a real positive number that
determines the compression rate of the reduced pilots. Next,
we apply the polarization-domain extrapolation from ĥul,0

k (0)
and reconstruct the channel ĥul,1

k (0) for user k ≥ 0 by using
N
αul reduced uplink pilots sent by user k in polarization 1 and
frame 0.

In frame q > 0, we first make time-domain channel extrap-
olation from ĥul,0

k (q−1) and obtain the reconstructed channel
ĥul,0

k (q) for user k ≥ 0 by using N
αul reduced uplink pilots

sent by user k in polarization 0 and frame q. Then, we conduct
the polarization-domain extrapolation from ĥul,0

k (q) and obtain
the reconstructed channel ĥul,1

k (q) for user k ≥ 0 using N
αul

reduced uplink pilots sent by user k in polarization 1 and
frame q.

Phase II-B: In this sub-phase, we extrapolate the downlink
channels of each user in each polarization direction. Given
that the large-scale parameters in each user downlink channel
differ slightly from those in the uplink channel, downlink
pilots are required to estimate the real downlink parameters.
In particular, the estimation of the effective angles at the BS
side requires orthogonal pilots from different BS antennas.
We avoid using M orthogonal downlink pilots, because M is
large in massive MIMO systems, thus leading to costly pilot
consumption. Instead, we only use proportional BS antennas
to send downlink orthogonal pilots to the user. We denote
1
β as the antenna selection rate, where β is a real positive
number. As we need to extrapolate the channel across all
BS antennas from information obtained from the selected
antennas, the space-domain extrapolation is also involved.
Notably, these downlink pilots can be utilized by all the K
users. Furthermore, the pilots are cell-common and not user-
specific.

The extrapolation procedure in the downlink is the same
in each frame. We take frame q > 0 as an example to
describe the procedure. First, we perform the frequency-
domain channel extrapolation from ĥul,0

k (q) and obtain the
reconstructed channel ĥdl,0

k (q) for user k ≥ 0. Here, we use
N
αdl reduced downlink pilots sent by the BS in polarization 0
and frame q from M

β antennas, where αdl is a positive number

Fig. 3. Working procedure of the multi-domain channel extrapolation scheme.
The filled blank represents the reference channel, while the unfilled blanks
represent other channels. Blanks with different colored frames represent
channels of different users. The extrapolation procedures in different domains
and their order are labeled on the arrows.

that determines the compression rate of the downlink reduced
pilots. Then, we apply polarization-domain extrapolation from
ĥdl,0

k (q) and obtain the reconstructed channel ĥdl,1
k (q) for user

k ≥ 0. We use N
αdl reduced downlink pilots sent by BS in

polarization 1 and frame q from M
β antennas.

The complete working procedure of our proposed multi-
domain channel extrapolation scheme is illustrated in Fig. 3.
The scheme can be stretched in a tree structure. The reference
channel is the root, and the other channels are nodes. Each
node is connected to another node through extrapolation.
As can be seen, the accuracy of extrapolation is highly
dependent on the estimation accuracy of the connected node
in the previous layer; furthermore, error propagation may
happen in the extrapolations in each layer. Therefore, a good
extrapolation algorithm with high accuracy is required. More-
over, the complexity of this algorithm should be low, as the
extrapolation algorithm will be invoked frequently.

B. Channel Extrapolation Algorithm

Here, we propose a channel extrapolation algorithm with
high accuracy but low complexity. Given the estimates of
channel A on the resource subset A of a domain, this algorithm
can rapidly extrapolate channel B on the resource subset B
of this domain. For example, when applying user-domain
extrapolation, channel A becomes hul,0

0 (0), and channel B
can be hul,0

k (0), where k ≥ 1. To cover all the possibility
of channels A and B while also simplifying the expression,
we respectively write channels A and B as

hA =
LA−1∑
l=0

gA,lp(TA,l) ⊗ a(ΘA,l) (12)

and

hB =
LB−1∑
l=0

gB,lp(TB,l) ⊗ a(ΘB,l). (13)

In the above equations, the path set in channel B is a subset
of the path set in channel A with the following variance

TB,l = TA,l + δT
l ΔTmax, ΘB,l = ΘA,l + δΘ

l ΔΘmax (14)

for path l = 1, . . . , LB − 1, and δT
l , δΘ

l ∈ [− 1
2 , 1

2

]
.
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The reduced all-1 pilots are sent during the extrapolation
phase. The reduced pilots occupy N

α subcarriers and M
β

antennas, where α is referred to as αul and αdl in the uplink
and downlink, respectively. The received pilots are expressed
as

y =
LB−1∑
l=0

gB,lp̀(TB,l) ⊗ à(ΘB,l) + n, (15)

where y ∈ C
MN
αβ ×1 is the received pilot vector with noise

n ∈ C
MN
αβ ×1. Each element of n is i.i.d. complex Gaussian

with zero mean, and the variance σ2
n is equal to the inverse

of signal-to-noise ratio (SNR) in linear value. p̀(T ) ∈ C
N
α ×1

and à(Θ) ∈ C
M
β ×1 are decided by the pilot pattern and the

antenna pattern, respectively. These are expressed as (1) and
(2) if α = 1 and β = 1.

Suppose we know the values of ΔTmax and ΔΘmax and
obtain the estimates of the large-scale parameters in channel
A, which are denoted as T̂A,l, Θ̂A,l, l = 0, . . . , L̂A − 1. The
noisy y, ΔTmax and ΔΘmax, as well as T̂A,l, Θ̂A,l, l = 0, . . . ,
L̂A−1, are then applied to the channel extrapolation algorithm,
which is extended from the trivariate NOMP algorithm. Both
of them work in an iterative mode and greedily estimate paths
in the order of descending power. In iteration i, we estimate
the parameters of the ith strongest path in the channel, which
is also the path that currently dominates.

We take iteration i as an example to introduce the channel
extrapolation algorithm. Before the beginning of iteration i,
there are i estimated paths, whose estimates of parameters are
denoted as ĝB,l, T̂B,l, Θ̂B,l, l = 0, . . . , i − 1. By subtracting
these paths from y, we get the residue

yres,i = y −
i−1∑
l=0

ĝB,lp̀(T̂B,l) ⊗ à(Θ̂B,l). (16)

The channel extrapolation algorithm initially checks
whether the iterations can be terminated. If all the paths have
been estimated, i.e., i ≥ L̂A, or only if noise remains in the
residue, then the algorithm stops. For the latter, we follow
the false-alarm rate-based stopping criterion in the trivariate
NOMP algorithm, where the false alarm happens when esti-
mating a fake path. Denote F {yres,i} as the Fourier transform
of yres. The extrapolation algorithm is terminated if the norm
square of each element of F {yres,i} is lower than κ, where

κ = σ2
n ln

(
MN

αβ

)
− σ2

n ln(− ln(1 − pfa)), (17)

and pfa ∈ [0, 1] is the predefined false-alarm rate; otherwise,
iteration i begins.

The channel extrapolation algorithm estimates the path that
dominates yres,i. That is, we hope to find path i from yres,i,
by subtracting which the residue power can be minimized as
follows:

(ĝB,i, T̂B,i, Θ̂B,i)=arg min
g,T,Θ

‖yres,i−gp̀(T ) ⊗ à(Θ)‖2. (18)

We further define Si(g, T, Θ) as follows:

Si(g, T, Θ) = 2�{yH
res,ig(p̀(T ) ⊗ à(Θ))

}
− |g|2‖p̀(T ) ⊗ à(Θ)‖2. (19)

Then, minimizing the residue power can be further trans-
formed to maximizing the value of Si(g, T, Θ), that is,

(ĝB,i, T̂B,i, Θ̂B,i) = arg max
g,T,Θ

Si(g, T, Θ), (20)

which is the goal of iteration i. The procedure to find the
desired path i is described below.

1) Step 1: First, we coarsely estimate the parameters of path
i from a reduced codebook, which samples the value ranges of
the large-scale parameters. Notably, even though TB,i, ΘB,i ∈
[0, 1], if path i in channel B is correlated with path i in channel
A, then given T̂A,i and Θ̂A,i, the values of TB,i and ΘB,i are
confined within the region

Regioni =
{

(T, Θ) : T ∈
[
T̂A,i−ΔTmax

2
, T̂A,i+

ΔTmax

2

]
,

Θ ∈
[
Θ̂A,i−ΔΘmax

2
, Θ̂A,i+

ΔΘmax

2

]}
. (21)

However, it is also possible that path i in channel B is
correlated with path j 
= i in channel A. To cover all the
possible combinations, the reduced codebook should be built
on all paths in channel A, and the reduced codebook used
in each iteration is the same one. We assume that there
is a uniform, over-sampled two-dimensional (2D) grid that
completely covers the value ranges T ∈ [0, 1] and Θ ∈ [0, 1],
where the oversampling rates of T and Θ are represented by
γT and γΘ, respectively. The size of the 2D grid is γT γΘMN .
Notably, this 2D grid forms the full codebook used in the
trivariate NOMP algorithm. Then, the grid points that are
distributed in Regioni, i = 0, . . . , L̂A − 1, are included in the
reduced codebook. The number of grid points in Regioni is
less than or equal to �ΔTmaxγT N��ΔΘmaxγΘM�. If a grid
point is in both Regioni and Regionj , where i 
= j, then this
grid is only counted into the reduced codebook once. Thus,
the reduced codebook, which is denoted as Ω, contains the
following sampled (T, Θ) pairs:

Ω =

⎧⎨
⎩(T, Θ) : T =

n

γT N
, n = 0, . . . , γT N − 1,

Θ =
m

γΘM
, m = 0, . . . , γΘM − 1,

(T, Θ) ∈
L̂A−1⋃
i=0

Regioni

⎫⎬
⎭ . (22)

The size of Ω, which is denoted as |Ω|, satisfies

|Ω| ≤ L̂A�ΔTmaxγT N��ΔΘmaxγΘM� � γT γΘMN. (23)

Due to the channel sparsity, L̂A is usually not large. The
size of

⋃L̂A−1
i=0 Regioni is much smaller than the complete

value range of (T, Θ), which is covered by the full codebook
used in the trivariate NOMP algorithm. Then, we let

gB,i =
(p̀(T ) ⊗ à(Θ))Hyres,i

‖p̀(T ) ⊗ à(Θ)‖2
. (24)

We exhaustively search Ω to find the optimal (T, Θ) pair
that satisfies (20) as the coarse estimates T̃B,i and Θ̃B,i, which
is equivalent to

(T̃B,i, Θ̃B,i) = arg max
(T,Θ)∈Ω

‖yH
res,i(p̀(T ) ⊗ à(Θ))‖2. (25)
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Algorithm 1 Channel Extrapolation
Initialize: Ω, i = 0,yres,i = y.
while ‖F {yres,i} ‖2∞ > κ and i < L̂A do

1) Obtain the coarse estimates (T̃B,i, Θ̃B,i) of path i from
ω. Update the estimate of gain by (24) and the residue
by (26).

2) Refine the estimates of path i through (27) and obtain
(T̃ ′

B,i, Θ̃
′
B,i). Repeat the refinement for Rs times.

Update the estimate of the gain of path i and the residue.
3) Cyclically refine the estimates of delays and angles of all

the estimated paths and obtain T̂B,l, Θ̂B,l, l = 0, . . . , i.
4) Update the estimates of gains of all the estimated paths

through (29).
5) i = i + 1.

Output: T̂B,l, Θ̂B,l, ĝB,l, l = 0, . . . , L̂B − 1.

Accordingly, the coarse estimate of gB,i, which is denoted
by g̃B,i, is obtained by applying T̃B,i and Θ̃B,i in (24). The
residue is updated by the following:

y′
res,i = yres,i − g̃B,ip̀(T̃B,i) ⊗ à(Θ̃B,i). (26)

2) Step 2: Next, we refine the coarse estimates towards the
real values. This step is the same as the Newton refinement
step of the trivariate NOMP algorithm. It is expressed as[
T̃ ′

B,i

Θ̃′
B,i

]
=
[
T̃B,i

Θ̃B,i

]
−S̈−1

i (g̃B,i, T̃B,i, Θ̃B,i)Ṡi(g̃B,i, T̃B,i, Θ̃B,i),

(27)

where T̃ ′
B,i and Θ̃′

B,i are the refined estimates through one
step of Newton refinement,

Ṡi(g, T, Θ) =

⎡
⎢⎣

∂Si

∂T
∂Si

∂Θ

⎤
⎥⎦ , S̈i(g, T, Θ) =

⎡
⎢⎣

∂2 Si

∂T 2

∂2 Si

∂T∂Θ
∂2 Si

∂Θ∂T

∂2 Si

∂Θ2

⎤
⎥⎦
(28)

contain the first- and second-order partial derivatives, respec-
tively, and the residue in function Si becomes y′

res,i in
(26). The refined estimates should be tested by compar-
ing the power of the updated residue with that of the
previous residue. If the residue power decreases, then the
refined estimates will be effective. Otherwise, the coarse
estimates remain. We repeat the Newton refinement step for
Rs times to obtain the more accurate estimation results of
TB,i and ΘB,i. Similarly, the gain and residue are updated
following (24) and (26).

3) Step 3: In this step, we cyclically refine the estimates of
all the estimated i+1 paths by using the Newton refinement for
Rc rounds. The updated estimates of the large-scale parameters
of the paths are denoted by T̂B,l, Θ̂B,l, l = 0, . . . , i.

4) Step 4: In this step, we re-estimate the effective gains
of the estimated i + 1 paths through least-square estimation,
which is expressed as

[ĝB,0, . . . , ĝB,i]T = U†y, (29)

where

U = [p̀(T̂B,0) ⊗ à(Θ̂B,0), . . . , p̀(T̂B,i) ⊗ à(Θ̂B,i)]. (30)

The working procedure of the channel extrapolation
algorithm is summarized in Algorithm 1. At this point,
we conduct a brief comparison between the computational
complexity of the channel extrapolation algorithm and the
trivariate NOMP algorithm. First, when checking the stop-
ping criterion, the trivariate NOMP algorithm and the chan-
nel extrapolation algorithm involves O(MN log2(MN)) and
O(MN

αβ log2(
MN
αβ )) times of multiplications, respectively.

In Step 1, we exhaustively search |Ω| grid points in the reduced
codebook, instead of γT γΘMN � |Ω| grid points in the
full codebook. When testing each grid point, we need to do
O(MN

αβ ) times of addition and multiplication for (25); while
the trivariate NOMP algorithm requires O(MN) times of
addition and multiplication in this step. Thus, the complexity
of Step 1 is greatly reduced from O(γT γΘM2 N2) of the
trivariate NOMP algorithm to O(MN

αβ |Ω|) of the channel
extrapolation algorithm. Furthermore, the complexity of Steps
2 to 4 is O(MN) for the trivariate NOMP algorithm; how-
ever, this is reduced to O(MN

αβ ) in the channel extrapolation
algorithm. Therefore, the channel extrapolation algorithm has
significantly reduced complexity due to the reduced codebook
and the reduced pilot and antenna patterns.

C. Discussion

In this paper, we focus on the massive MIMO system
working in FDD duplex mode. While in the current com-
mercial mobile system, only time division duplexing (TDD)
is supported in higher frequencies. The uplink and downlink
share the same frequency band. Reciprocity holds between the
uplink and downlink channels. We can obtain the downlink
CSI directly in the uplink, and thus channel extrapolation from
uplink to downlink is not required in the TDD system.

However, the carrier aggregation technique has already
been applied since the fourth generation era. Especially in a
higher frequency band, the wide transmission band is usually
composed of multiple sub-bands. In order to harvest the gain
provided by the abundant frequency resources, the uplink
pilots should be inserted in each sub-band to estimate the chan-
nels in the whole band accurately. These sub-bands in TDD
systems can be viewed as the uplink and downlink frequency
bands in FDD systems. We can estimate the channel in one
sub-band using full pilots and then use the estimation result
to extrapolate the channels in other sub-bands with reduced
pilots. Therefore, the proposed channel extrapolation method
can still be applied in systems working at higher frequencies.
Notably, a hybrid beamforming structure is currently used
in these systems. The channel extrapolation algorithm pro-
posed here should be modified to fit the hybrid beamforming
structure.

IV. DESIGN OF PATTERNS FOR REDUCED PILOTS

AND SELECTED ANTENNAS

In the channel extrapolation phase, we use reduced pilots
and selected antennas in order to save the pilot overhead while
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simultaneously reducing computation complexity. However,
one major problem exists in terms of how to design the
pattern of reduced pilots. This is the same problem as how
to select antennas from the whole array. Generally speaking,
it is intuitive to use the first N

αul or N
αdl subcarriers for reduced

pilot transmission and the first M
β antennas for the space-

domain channel extrapolation. However, we have to determine
whether this pattern has the optimal performance. In this
section, we focus on this problem and try to find an optimal
pattern for extrapolation.

A. Pattern Types

Without loss of generality, we consider a ULA with M
elements numbered as 0, 1, . . . , M − 1. The ULA can be the
set of OFDM subcarriers and the antenna array at BS. The
compression rate of the reduced pattern is unified by 1

α . The
response c̀(Φ) ∈ C

M
α ×1 on the pattern is equal to p̀(T ) or

à(Θ). We denote

Ξ =
{
ξ0, ξ1, . . . , ξM

α −1

}
(31)

as the set of indices of ULA elements covered by the pattern,
where 0 ≤ ξm ≤ M − 1 holds for m = 0, 1, . . . , M

α − 1.
The mth element of c̀(Φ) is the ξmth element of c(Φ). Here,
we study three pattern types, namely, dense uniform pattern,
sparse comb pattern, and sparse random pattern.

1) Dense Uniform Pattern: This pattern covers the adjacent
M
α elements in the ULA, which is also the pattern men-

tioned at the beginning of this section. The array can be
uniformly partitioned into α non-overlapping subarrays with
the same size. Each subarray corresponds to a dense uniform
pattern. The aperture of this pattern is much smaller than
that of the whole array. The tth dense uniform pattern, where
t = 0, . . . , α − 1, contains the following elements:

Ξdu,t =
{

Mt

α
,
Mt

α
+ 1, . . . ,

M(t + 1)
α

− 1
}

. (32)

2) Sparse Comb Pattern: This pattern has a comb structure
and uniformly selects one element in every α elements. We can
obtain α sparse comb patterns that are interleaved but do
not overlap with one another. The aperture of a sparse comb
pattern is comparable to that of the array. The tth sparse
comb pattern, where t = 0, . . . , α − 1, contains the following
elements:

Ξsc,t = {t, t + α, . . . , t + M − α} . (33)

3) Sparse Random Pattern: This pattern randomly selects
M
α elements from the array. We can still obtain α non-

overlapped sparse random patterns with different shapes.
Given that the elements of each pattern are randomly selected
from the whole array, if the value of α is not large, then the
aperture of a sparse random pattern is usually comparable to
that of the array. We denote the index set of these random
patterns as Ξsr,t, t = 0, . . . , α − 1, in which the patterns do
not have fixed formats.

In order to choose the most suitable pattern type for
channel extrapolation, we evaluate the performances of the

Fig. 4. Radiation profiles of the dense uniform, sparse comb, and sparse
random pattern types. The red star indicates the peak of the main lobe. The
peaks of the highest side lobes are marked by red dots.

three pattern types in the simplest case of single-path channel.
The noisy pilots that travel across channel B are expressed as

y = gc̀(Φ) + n, (34)

where y ∈ C
M
α ×1, and each element of the noise n ∈ C

M
α ×1

is i.i.d. complex Gaussian with zero mean and variance σ2
n =

10−
SNR
10 . Suppose that Φ ∈ [Φ̂− ΔΦmax

2 , Φ̂+ ΔΦmax
2 ], where Φ̂

is the estimated parameter of this path in channel A. Given Φ̂
and ΔΦmax, we compare the performances of the three pattern
types when estimating Φ in the following aspects.

B. Radiation Profile

First, we evaluate the radiation profile, because this metric
can intuitively show the resolution and directivity of each
pattern type. We set g = 1, Φ = 0, and SNR → ∞ in (34).
The radiation power on any Φsample is calculated as

P (Φsample) =
|c̀H(Φsample)c̀(0)|

‖c̀(Φsample)‖ (35)

We check the radiation profile over the whole value range
Φsample ∈ [− 1

2 , 1
2 ]. If there is a distinct narrow main lobe in

the radiation profile, and the peak of the main lobe is exactly
at Φsample = 0, then the resolution of the pattern type is
high and the directivity is strong. Compared with the main
lobe, the side lobes should be much lower, such that false
alarm can be effectively avoided if a close path exists. Notably,
the estimation range is limited in a region with length ΔΦmax

in the channel extrapolation problem. Thus, we only need to
focus on the side lobes that are in the [−ΔΦmax, ΔΦmax]
double-side region from the peak of main lobe. Let us take
Ξdu,0, Ξsc,0, and a randomly generated Ξsr,0 as examples to
illustrate the typical radiation profiles of the dense uniform,
sparse comb, and sparse random pattern types. Fig. 4 compares
their radiation profiles when M = 128 and α = 8.

1) Dense Uniform Pattern: We can clearly see that the
uniform dense pattern has a much wider main lobe compared
with the other two. This is because the main lobe width is
mainly decided by the aperture of the pattern. Fortunately,
the half width of the main lobe is α

M . If α is large, then α
M

is usually larger than ΔΦmax, and the path to be estimated is
still in the main lobe region. On the other hand, if α is small,
then the main lobe is much narrower, and the resolution of the
uniform dense pattern will be greatly enhanced. Moreover, all
the side lobes are very low. Therefore, even in the case wherein
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another close path exists, we can always find the correct path
using the uniform dense pattern.

2) Sparse Comb Pattern: The main lobe of the sparse comb
pattern is significantly narrower, even though the compression
rate is 1

8 . The peak of the main lobe appears exactly at
Φsample = 0. The heights of the side lobes are as low as those
of the dense uniform pattern. The two features are preferable
for channel extrapolation. However, the effective estimation
region is compressed to Φ ∈ [0, 1

α ]. Specifically, the radiation
profile over the whole region of [− 1

2 , 1
2 ] is the concatenation of

α copies of the radiation profile in the range of [0, 1
α ]. In chan-

nel B, if there are two paths with ΦB,0 = 0 and ΦB,1 = 1
α ,

respectively, then the sparse comb pattern cannot distinguish
between them, and one path may be missed. Consider another
case wherein two paths with ΦA,0 = 0 and ΦA,1 = 1

α are in
channel A, and only one path with ΦB,0 = 1

γM is in channel
B, where γ is a positive integer. If ΔΦmax > 2

M , then the
path in channel B is in both Region0 and Region1 defined in
(21). Under this condition, the channel extrapolation algorithm
proposed in the previous section cannot determine which path
is extrapolated from. It may happen that Φ̂B,0 = 1

α + 1
γM ,

thus causing false alarm. The estimation error will greatly
impact the channel extrapolation accuracy when M is large.
Recalling the concerned massive MIMO or wideband system,
the following theorem gives the lower bound of probability
that multiple paths can be successively extrapolated.

Theorem 1: In the system with M BS antennas arranged in
a ULA and N OFDM subcarriers, if the sparse comb pattern
is applied to the design of reduced pilots and antenna selec-
tion, then the probability of successful channel extrapolation
psuccess is lower bounded by

psuccess ≥
{∏L−1

l=0 (1 − lζ), L ≤ 1
ζ + 1,

0, else,
(36)

where ζ = αβΔTmaxΔΘmax, L is the number of paths in the
reference channel, and α and β are the inverses of compression
rates of the reduced pilots and selected antennas, respectively.

Proof: Given that full dense pilots are used to estimate the
reference channel, the estimated effective delays and angles of
paths in the reference channel are accurate and do not face the
problem of compressed value range. When applying channel
extrapolation, the effective estimation region is confined within
the two dimensional region of T ∈ [0, 1

α ], Θ ∈ [0, 1
β ]. If only

one path exists in the reference channel, i.e., L = 1, then
psuccess = 1. Meanwhile, if L = 2, then the extrapolation will
definitely success when Region0 and Region1 do not overlap,
which has a probability given by 1 − αβΔTmaxΔΘmax.
Similarly, when L paths exist, the probability of non-overlap
is expressed in (36). The search regions being non-overlapped
is a sufficient but unnecessary condition for the success of
channel extrapolation. Therefore, (36) gives a lower bound
of psuccess.

Let us take a look at the following examples. If ΔTmax =
ΔΘmax = 1

64 and α = β = 4, then psuccess ≥ 0.9767
when L = 4, but psuccess ≥ 0.8954 when L = 8. As the
performance of wireless communications is usually worst-case

dominant, it is not proper to take such a risk with probability of
almost 10%.

3) Sparse Random Pattern: Finally, we focus on the radi-
ation profile of the sparse random pattern type. From Fig. 4,
we can see that the main lobe is nearly as narrow as that of the
sparse comb pattern type, and that the peak of the main lobe
is also at the target position of Φsample = 0. Besides, no value
range compression problem occurs, because there is only a
single main lobe, which is obviously higher than any side
lobe. These features are preferable for parameter estimation.
However, the maximum height of the side lobe is much higher
than that of either dense uniform pattern type or sparse comb
pattern type. In order to meet the requirement of extrapolation,
the height of the side lobes, which are no farther than ΔΦmax

from the main lobe, should be suppressed.

C. Parameter Estimation Accuracy

Next, we evaluate the parameter estimation accuracy by
deriving the Cramer-Rao lower bound (CRLB), which rep-
resents the lower-bound variance of the unbiased estimation
of Φ. The single path case in (34) is considered. The CRLBs
of a certain pattern type is provided in Theorem 2 as follows.

Theorem 2: In the noisy single-path propagation scenario,
when using the pattern Ξ, the CRLB is expressed as

CRLB =
σ2

n

8π2|g|2s(Ξ)
, (37)

where

s(Ξ) =
|Ξ|−1∑
m=0

ξ2
m, (38)

in which |Ξ| is the size of Ξ.
Proof: CRLB is the inverse of Fisher information. Accord-

ing to the signal model (34), the Fisher information is calcu-
lated by [30]

F (Φ) =
2|g|2
σ2

n

�
{

∂c̀H

∂Φ
∂c̀
∂Φ

}
. (39)

According to the definition of c̀(Φ), we can derive that

∂c̀H

∂Φ
∂c̀
∂Φ

= 4π2

|Ξ|−1∑
m=0

ξ2
m, (40)

where the summation is exactly s(Ξ). By applying (40) to
(39), we obtain

F (Φ) =
8π2|g|2

σ2
n

s(Ξ). (41)

Taking the inverse of F (Φ), we obtain the expression of
CRLB as shown in (37).

We now study the CRLB of Ξdu,t, Ξsc,t, and Ξsr,t by evalu-
ating s(Ξdu,t), s(Ξsc,t) and s(Ξsr,t), respectively. By applying
(32) and (33), we know that

s(Ξdu,t) =
M3

α3
t2+

M(M−α)
α2

M

α
t+

M(M−α)(2M − α)
6α3

(42)
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Fig. 5. CRLB VS real parameter estimation error when using the channel
extrapolation algorithm with different patterns.

and

s(Ξsc,t) =
M

α
t2 +

M(M − α)
α2

αt +
M(M − α)(2M − α)

6α
.

(43)

Taking t = 0 as an example, we see that s(Ξsc,0) �
s(Ξdu,0). Given that Ξsr,0 is randomly generated within
[0, M − 1], if α > 2, then s(Ξsr,0) will be generally close to
s(Ξsc,0) and much greater than s(Ξdu,0). According to (37),
CRLB is inversely proportional to s(Ξ). Therefore, the CRLB
of the dense uniform pattern will be higher than those of the
sparse comb and sparse random patterns. This means that the
ability of dense uniform pattern to accurately estimate Φ is
inferior to that of the sparse comb and sparse random patterns.

Notably, observing (42) and (43), we can also find that
with the increase of t, the values of s(Ξdu,t) and s(Ξsc,t)
increase as well. It seems that we can obtain a more accurate
estimate of Φ by using Ξdu,α−1 and Ξsc,α−1 instead of Ξdu,0

and Ξsc,0, respectively. However, CRLB is a lower bound that
is independent of the estimation algorithm. The real estimation
accuracy varies with the employment of different estimation
algorithms. In the next subsection, we evaluate the estimation
accuracy from another perspective and explain why we just
focus on the CRLBs of Ξdu,0 and Ξsc,0.

Here, we compare the CRLBs with the real parameter
estimation error when applying the channel extrapolation
algorithm on a single path channel in a single domain. We set
M = 128, α = 4, and ΔΘmax = 4

M . Fig. 5 provides the
results of Ξdu,0, Ξsc,0, and a randomly generated Ξsr,0. We can
observe that the extrapolation accuracy of Ξdu,0 is much worse
than the other two, which coincides with the CRLB ranking of
them. As expected, the accuracy of Ξsr,0 is similar to that of
Ξsc,0. Furthermore, the MSEs of using Ξsc,0 and Ξsr,0 are quite
close to their CRLBs, demonstrating their good performance
for extrapolation in the single path case.

D. Newton Refinement Ability

Because the channel extrapolation algorithm is employed
to estimate Φ, the effectiveness of the three pattern types in
each single step of the algorithm should be analyzed in detail.
The performance of the codebook-based coarse estimation step
is largely dependent on the radiation profile of the pattern

Fig. 6. Comparison of the Newton refinement ability of each pattern.

type. While the Newton refinement step finally determines the
estimation precision of Φ. Here, we investigate the ability of
Newton refinement using different pattern types.

We still focus on the noisy single-path case in (34) and set
g = 1. Suppose Φ is a positive number that is very close to 0,
and Φ is coarsely estimated by 0 in the coarse estimation step.
Accordingly, g is coarsely estimated by g̃ = c̀H(0)y/‖c̀(0)‖2.
The residue then becomes yres = y − g̃c̀(0). According to
(27) and (28), when we employ the Newton refinement once,
the step length δ can be calculated by

δ = −
(

∂2S

∂Φ2

)−1
∂S

∂Φ
, (44)

where

∂S

∂Φ
= �

{
g̃yH

res

∂c̀
∂Φ

∣∣∣∣
0

}
,

∂2S

∂Φ2
= �

{
g̃yH

res

∂2c̀
∂Φ2

∣∣∣∣
0

}
− |g̃|2

(
∂c̀
∂Φ

∣∣∣∣
0

)H
∂c̀
∂Φ

∣∣∣∣
0

. (45)

We see that δ is determined by the real value Φ, the pattern,
and by SNR. The ideal result is δ = Φ, so that we can rapidly
obtain the accurate estimation of Φ.

Fig. 6 provides the derived δ versus the real value
Φ ∈ [− 1

2M , 1
2M ] over 10,000 Monte Carlo simulations under

the settings of M = 128, α = 8, and SNR = 15 dB when
using the dense uniform, sparse comb, and sparse random
patterns, respectively. In each subfigure, the curve labeled as
“ideal” represents the ideal Newton refinement result δ = Φ.

The first subfigure shows the derived δ when using Ξdu,0,
Ξdu,4, and Ξdu,7 for Newton refinement. We see that δ derived
from Ξdu,0 is relatively close to Φ. Even though |δ| < |Φ|,
it always holds that sign(δ) = sign(Φ), thus demonstrating
that the estimate is refined towards the real value. We can
achieve more accurate estimates by repeating the Newton
refinement step for several times. However, if we use Ξdu,4

and Ξdu,7, then δ is always around 0, indicating that the
Newton refinement does not work. This is the reason why
we do not consider Ξdu,t for t > 0, even though their CRLB
is very low. In practice, when employing the dense uniform
patterns, we always suppose Ξdu,0 is occupied and apply it in
the channel extrapolation algorithm.

From the second subfigure, we can observe that Ξsc,0, Ξsc,4,
and Ξsc,7 have similar Newton refinement abilities, which
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are close to Ξdu,0 in the range of Φ ∈ [− 1
4M , 1

4M ], but
become slightly unstable out of this region. As shown in the
third subfigure, when applying the randomly generated sparse
patterns, the derived δ is also similar to Φ in the range of
[− 1

4M , 1
4M ], but it fluctuates out of this region.

In summary, the dense uniform pattern achieves relatively
lower estimation accuracy according to the CRLB of Ξdu,0,
and the sparse comb pattern has the problem of compressed
estimation regions of effective angle and delay. While the
sparse random patterns can achieve high estimation accuracy
similar to those of the sparse comb pattern and does not have
the problem of compressed estimation regions. However, one
challenge still exists, which is about the proper design of a
set of random patterns with relatively low side lobes in the
concerned region of [−ΔΦmax, ΔΦmax].

E. Design of Sparse Random Patterns

For an array with length M , the number of possible
sets of sparse random patterns with length M

α is given by∏α−1
t=0 CM/α

M−Mt/α, which is extremely large when M is also
large. Exhaustively searching all the possible sets to find
the optimal set is an impractical option. Here, we follow
the greedy method and find the sub-optimal sparse random
patterns one by one.

We take the first random pattern as an example to illustrate
how we design this pattern from the available indices of
array elements. Initially, the set of available indices is Υ =
{0, 1, . . . , M − 1}. We aim to find a sub-optimal random
pattern with length M

α , and we can choose from a total of
CM/α

M patterns. In order to reduce the computation complexity,
we initially generate X random patterns, where X is a positive
integer satisfying X � CM/α

M , after which we select the
optimal one from the X patterns.

The optimal pattern has the lowest side lobes in the region of
Φ ∈ [−ΔΦmax, ΔΦmax]. Notably, the value of ΔΦmax should
be sufficiently large in order to find a set of random patterns
that can cover all the possible cases in the multi-dimensional
channel extrapolation problem. We only need to focus on the
region of Φ ∈ [0, ΔΦmax], because the radiation profile in Φ ∈
[−ΔΦmax, 0] is mirror-symmetric with the radiation profile in
Φ ∈ [0, ΔΦmax]. For the xth random pattern, we find all the
peaks of the side lobes in this region and record the values of
these peak radiation power. Among the X patterns, the optimal
pattern is the one that satisfies

Ξsr,0 = arg min
x=0,...,X−1

Pmax,x + Paverage,x, (46)

where Pmax,x is the maximum radiation power of pattern
x in the concerned region, and Paverage,x is the average
radiation power of the peaks of other side lobes in the region
of Φ ∈ [0, ΔΦmax].

Having found the first sparse random pattern Ξsr,0, we then
move on to the second one. The set of available indices is
updated by Υ = Υ \ Ξsr,0. We still randomly generate X
patterns from Υ and then select the optimal one according to
(46). Repeating this procedure for α− 1 times, we can obtain
the set of sub-optimal sparse random patterns, as described in
Algorithm 2. At the beginning of the tth iteration, the size of

Algorithm 2 Random Pattern Generation
Initialize: Υ = {0, 1, . . . , M − 1}.
for t = 0, . . . , α − 1 do

1) Randomly generate X patterns with length M
α from Υ.

2) for x = 0, . . . , X − 1 do
a) Calculate Pmax,x and Paverage,x.

3) Select Ξsr,t according to (46).
4) Update Υ = Υ \ Ξsr,t.

Output: Ξsr,t, t = 0, . . . , α − 1.

Υ is M − α(t − 1), and thus the complexity of one random
pattern generation is O (M − α(t − 1)). The calculation of
Pmax,x and Paverage,x involves O (

M
α

)
times of computations.

Therefore, the complexity of Algorithm 2 is O (MX).
Looking back to the multi-domain channel extrapolation

scheme, the sparse random pattern can be applied to the
following cases: 1) the pattern of reduced uplink pilots in
user-domain extrapolation, 2) the pattern of reduced uplink
pilots in polarization-domain extrapolation, 3) the pattern of
reduced uplink pilots in time-domain extrapolation, and 4) the
patterns of reduced downlink pilots and selected BS antennas
in frequency- and space-domain extrapolations.

V. NUMERICAL RESULTS

In this section, we evaluate the performance of our proposed
multi-domain channel extrapolation scheme through simula-
tions. Considering the wideband massive MIMO system where
M = N = 128, when conducting channel extrapolations,
the compression rates of reduced pilots and selected antennas
are set to be 1

4 or 1
8 . As the reduced patterns should be applied

to channel extrapolations, we first determine the sparse random
patterns, and then test the channel extrapolation algorithm in a
certain domain. Finally, we examine the channel extrapolation
scheme in multiple domains.

A. Generation of Sparse Random Patterns

Two sets of sparse random patterns for α = 4 and 8
are generated, which are applicable in multi-domain chan-
nel extrapolations. We suppose ΔΦmax = 5

M and follow
Algorithm 2 to generate the random pattern sets by setting
X = 200. The set for α = 4 contains four sparse random
patterns with a length of 32, whose radiation profiles can be
found in Fig. 7(a). The set for α = 8 contains eight sparse
random patterns with a length of 16. The radiation profiles
of Ξsr,0 to Ξsr,3 and Ξsr,4 to Ξsr,7 are shown in Fig. 7(b)
and (c), respectively. We can see that if α is small, then
the side lobes are generally low, which is preferable when
conducting channel extrapolations. If we increase α from 4 to
8, then the side lobes become significantly higher. Fortunately,
we only need to focus on the confined value range around
Φ = 0. The side lobes of Ξsr,i, i = 0, 1, . . . , 6 are very low in
Φ ∈ [−ΔΦmax, ΔΦmax], thereby satisfying the requirement
for channel extrapolation. Only the side lobes of Ξsr,7 are
high. Therefore, in the application of sparse random patterns,
we avoid using Ξsr,7 for extrapolations.

Authorized licensed use limited to: Singapore University of Technology & Design. Downloaded on January 10,2022 at 05:54:38 UTC from IEEE Xplore.  Restrictions apply. 



8546 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 69, NO. 12, DECEMBER 2021

Fig. 7. Radiation profiles of the sparse random patterns generated from
algorithm 2: (a) M = 128, α = 4; (b) and (c) M = 128, α = 8.

B. Evaluation of Channel Extrapolation Algorithm

Next, we apply the dense uniform, sparse comb, and sparse
random patterns in the channel extrapolation algorithm to
evaluate the algorithm and the patterns. We solely consider
the user-domain channel extrapolation here, and the number
of users is set to be 5. The channel of user 0 is composed
of 6 paths. The channels of other users contain a subset of
these paths. The maximum variances of effective delays and
angles are ΔT User

max = 3
N and ΔΘUser

max = 3
M , respectively.

For the channel extrapolation algorithm, the oversampling
rates are set to be γT = γΘ = 4. The normalized mean
square error (NMSE) of the extrapolated channel of user k
is calculated by

NMSEk =
‖ĥk − hk‖2

‖hk‖2
, (47)

where hk ∈ C
MN×1 is the real channel of user k across all

BS antennas and OFDM subcarriers, and ĥk ∈ CMN×1 is the
channel extrapolated from user 0.

Fig. 8 compares the NMSE performances of channel esti-
mation and extrapolation when (a) α = 4 and (b) α = 8.
In Fig. 8(a), users 1–4 send reduced pilots based on reduced
patterns 1–4, respectively. The solid green curve with circle
marks represents the channel estimation result of user 0
with full dense pilots. This curve is regarded as the lower-
bound benchmark of the NMSE of channel extrapolation
using reduced pilots. The three dotted curves illustrate the

Fig. 8. NMSE values of channel extrapolation in a single domain when using
different reduced pilots, where M = N = 128 and (a) α = 4, (b) α = 8.
Labels in (b) are the same as those in (a).

performances of the three reduced pilot patterns, respectively.
The numerical results coincide with the analytical results in
Section IV. As expected, the sparse comb pattern behaves
equally even with the increase of SNR due to the worst cases
of missing detection or false alarm. The dense uniform pattern
has stable extrapolation performances. As can been seen, its
NMSE performance is improved with the enhancement of
SNR. The sparse random pattern can achieve the highest
extrapolation accuracy, which is inferior to that of channel
estimation using full dense pilots. Notably, it is also feasible
to directly estimate the channel of user k with dense uniform
pilots without using the information of user 0. The NMSE per-
formance can be seen in the solid blue curve with circle marks,
exactly coinciding with the result of channel extrapolation.
This phenomenon demonstrates that our proposed channel
extrapolation can perfectly estimate the channel with the infor-
mation from another channel, along with the advantages of
greatly reduced pilot overhead and computational complexity.
Fig. 8 (b) presents the NMSE results when α = 8. As can
be seen, the extrapolation performance is degraded for all the
three pattern types with further reduction in pilot overhead.
However, even in low SNR region, the sparse random pattern
can still achieve excellent NMSE performance that is lower
than 10−2. Therefore, the sparse random patterns generated
from Algorithm 2 can work well in channel extrapolations.
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Fig. 9. NMSE values of multi-domain channel extrapolations in the (a) uplink
and (b) downlink using different reduced pattern types.

C. Examination of Multi-Domain Channel Extrapolations

Having verified the effectiveness of the reduced patterns as
well as the accuracy of the channel extrapolation algorithm,
we move on to the evaluation of channel extrapolations in
all five domains. A total of K = 6 users and Q = 5
frames are tested. We consider a practical case in which
the variance of parameters among users is larger than that
among frequencies and frames. Thus, we set ΔT User

max = 3
N ,

ΔΘUser
max = 3

M , ΔT Link
max = 3

2N , ΔΘLink
max = 3

2M , ΔT Time
max =

1
2N , and ΔΘTime

max = 1
2M . When employing user, polarization,

and time-domain extrapolations in the uplink, the users send
reduced pilots with αul = 8, and the BS receives the pilots
on all antennas. While for the frequency and space-domain
extrapolations in the downlink, the BS sends reduced pilots
with αdl = 4 on selected antennas with β = 4. Then,
we compare the three reduced pattern types. If one pattern
type is applied, then the uplink and downlink reduced pilots
and the selected antennas are all generated from this pattern
type.

Fig. 9 (a) illustrates the NMSE performance when extrap-
olating the multi-domain channels in the uplink. The NMSE
of each method in each frame is averaged over all the users.
The curves with legends “P0” and “P1” show the results in
polarizations 0 and 1, respectively. At this point, we introduce
the linear minimum mean square error (LMMSE) estimation
with the same pilot overhead as the benchmark, where the

sparse comb pattern type is used for the design of reduced
pilots under the same compression rate. We can observe that
the NMSE values of channel extrapolations using the dense
uniform and sparse random patterns can be even lower than
that of LMMSE channel estimation, thus demonstrating the
high accuracy of channel extrapolation in multiple domains.
Furthermore, the extrapolation performance does not degrade
with the time, even though full dense pilots are employed to
estimate the uplink channel of user 0 in frame 0 and polariza-
tion 0. This phenomenon shows the accuracy of extrapolation
in the time domain. Extrapolation in the polarization-domain
also works well. Moreover, the sparse random pattern can
achieve the most accuracy extrapolation results similar to the
comparison results in Fig. 8.

Fig. 9 (b) shows the NMSE values of the frequency and
space-domain extrapolations based on the extrapolation results
in Fig. 9 (a). Note that the downlink channel estimation
using the LMMSE algorithm requires M orthogonal reduced
pilots. Therefore, the pilot overhead of LMMSE is β times
of the overhead of channel extrapolation. Due to the use
of reduced patterns for both pilots and antennas, as well as
the unavoidable error propagation, the NMSE performance
of downlink channel extrapolation experiences a significant
degradation compared with the NMSE in the uplink. However,
the sparse random patterns still show better behavior than
the LMMSE channel estimation. Therefore, we verify the
efficiency of multi-domain channel extrapolation using sparse
random patterns.

Fig. 10 provides a deeper insight into the NMSE of channel
extrapolation in each domain and draw the cumulative distri-
bution functions (CDFs) of NMSE. Given that the maximum
variances of delay and angle are zero in the polarization
domain, the extrapolation can always behave well with any
reduced pattern. For the extrapolations in the other four
domains, the probabilities of false alarm and missing detection
caused by using sparse comb pattern are very small. However,
once they happen, the NMSE performance becomes very poor.
Fortunately, the sparse random pattern can always perform
well, demonstrating its effectiveness and robustness.

In order to show the low-overhead advantage of the pro-
posed scheme, we further evaluate the downlink effective
spectrum efficiency in polarization 0 when using the chan-
nel extrapolation result for downlink data transmission. The
effective spectrum efficiency is calculated as follows:

SE = ηE

{
log2

(
1 +

|hH ĥ|2
‖ĥ‖2

)}
, (48)

where h is the real downlink channel of a single user in
polarization 0, on a single subcarrier, and across all antenna,
and ĥ denotes its estimation or extrapolation result. The
factor η reflects the ratio of subcarriers that can be used
for downlink data transmission over all the subcarriers in the
downlink. We evaluate the effective spectrum efficiency frame
by frame. In a frame, there are a total of 10 subframes, and
each subframe contains 14 OFDM symbols. In the downlink,
the LMMSE and the channel extrapolation require MN

αdl and
MN
αdlβ

subcarriers for downlink pilots, respectively. Therefore,
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Fig. 10. CDF of NMSE of the channel extrapolation in each domain.

η = 1− M
140αdl for LMMSE, and η = 1− M

140αdlβ for channel
extrapolation. Fig. 11 shows the effective spectrum efficiency
of these two methods and compares the performance of the
three reduced pilots, where the system settings are the same
as those of Fig. 9 (b). We can find that even though LMMSE
has a similar NMSE performance with the proposed scheme,
it achieves significantly less effective spectrum efficiency due
to the high cost of downlink training. Besides, with the same
overhead amount, the dense uniform pattern and the sparse
random pattern perform much better than the sparse comb
pattern, which is in accordance with the ranking in Fig. 9(b).

D. Test on Practical Channels

Finally, we introduce the widely used QuaDRiGa channel
simulator [31] to verify the effectiveness of the proposed
multi-domain channel extrapolation scheme in practical sys-
tems. The settings are as follows. In the FDD massive MIMO
system, the uplink and downlink central carrier frequencies
are 2.15 GHz and 1.95 GHz, respectively. Each of the uplink
and downlink frequency bands covers a continuous band with
20 MHz width, which is further divided into 128 subcarriers.
The BS is located at the cell center and mounted at the
height of 25 m. A total of 128 pairs of dual-polarized omni-
directional antennas structured in a ULA are equipped at the
BS. Six nearby users at 1.5 m height are randomly distributed,
keeping a minimum distance of 200 m far from the BS.
The distance between the users is less than 2 m. Each user

Fig. 11. Downlink effective spectrum efficiency comparison of channel
extrapolation.

Fig. 12. CDF of NMSE of the QuaDRiGa channel extrapolation in each
domain.

is equipped with a pair of dual-polarized omni-directional
antennas and moves at a speed of 1 km/h. We focus on a
continuous time period of 0.4 s and take the channels on 4 snap
shots. The “3GPP 38.901 UMa” scenario is selected. We set
ΔΘTime

max = 3
M , ΔT Time

max = 3
N , ΔΘLink

max = 3
M , ΔT Link

max = 3
N ,

ΔΘUser
max = 6

M , and ΔT User
max = 6

N , where M = N = 128.
The sparse random pattern is selected to design the reduced
pilots in both uplink and downlink, as well as to make antenna
selection in the downlink, where αul = 4 and αdl = β = 2.

Fig. 12 shows the CDFs of NMSEs of the channel extrapo-
lation in polarization, user, time, frequency and space domains,
respectively. For comparison, the NMSE of reference channel
estimation using full pilots is also introduced as a performance
benchmark. We see that with much less pilots and using
the reduced codebook, the time and user domain channel
extrapolations experience slight performance degradation com-
pared with the channel estimation with full pilots. Since we
suppose the paths in dual polarizations share the same angles
and delays, channel extrapolation in the polarization domain
behaves worse than that in the time or user domain. Finally,
channel extrapolations in the frequency and space domains that
happen in the downlink has worse NMSE performance than
those in the uplink. This result coincide with that in Fig. 9.
Fortunately, it still has a probability of 0.8 that the NMSE
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in the downlink is below 0.14, and the performance can be
further improved by increasing ΔT Link

max and ΔΘLink
max . Besides,

the running time of the extrapolation algorithm is less than
10 percent of the running time of the estimation algorithm.
Therefore, the multi-domain channel extrapolation scheme can
work in practice.

VI. CONCLUSION

In this paper, we proposed a low-overhead, multi-domain
channel extrapolation scheme for FDD massive MIMO sys-
tems with multiple close-by users. The channel in each domain
was rapidly and accurately extrapolated by our proposed
low-complexity extrapolation algorithm after exploring the
environment information, which was included in the reference
channel. We utilized the reduced pilots and selected antennas
for channel extrapolation, and also studied their patterns.
A sparse random pattern generation algorithm was further
proposed to obtain a set of orthogonal patterns deemed suitable
for channel extrapolation. Our numerical results verified the
efficiency of the multi-domain channel extrapolation scheme
and showed the effectiveness of the sparse random pilots
generated by our proposed algorithm.
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